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Abstract
With an assumption that in the Yang-Mills Lagrangian, a left-handed fermion and
a right-handed fermion both expressed as the quaternion make an octonion which
possesses the triality symmetry, I calculate the magnetic mass of the transverse self-
dual gluon from three loop diagram, in which a heavy quark pair is created and two
self-dual gluons are interchanged.
The magnetic mass of the transverse gluon depends on the mass of the pair created
quarks, and in the case of charmed quark pair creation, the magnetic mass mmag
becomes approximately equal to Tc at T = Tc ∼ 1.14ΛMS ∼ 260MeV.
A possible time-like magnetic gluon mass from two self-dual gluon exchange is
derived, and corrections in the B-meson weak decay vertices from the two self-dual
gluon exchange are also evaluated.
∗
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1 Introduction
In 1980, Linde[1] pointed out difficulties of infrared problems in the thermodynamics of
mass-less Yang-Mills gas, and a possible solution via gluon acquiring the magnetic mass. At
zero temperature, an effective gluon mass of 500 ± 200 MeV was predicted by Cornwall[2].
A problem that at relatively low temperature or high density, the pressure of the QCD
thermodynamic gas becomes negative was pointed out in [3] and difficulties in the calculation
of the thermodynamical potential in the g6 order are discussed in[4, 5, 6].
The ground-state energy of the finite temperature quark-gluon system was classically
derived from the Yang-Mills Lagrangian by Freedman and McLarren[7]. An extensive review
of calculations done before 2004 are given in [8].
In QCD, the gluon is screened in the plasma through gluon loops, quark loops and ghost
loops. In 1993 the non Abelian Debye screening mass was found to be sensitive to the
non perturbative magnetic mass of the gluon[9]. By adding a magnetic mass m2mag to the
transverse self-energy ΠT (K), the instability could be evaded, when mmag = cf
3
32
g2NcT and
cf ≥ 1. mmag is expected to appear in the perturbative calculation in the order of g6 and
higher, but no systematic calculation of it was found.
Alexanian and Nair[10] calculated the magnetic mass of the gluon in a model based
on Chern-Simons theory and obtained mmag ∼ (2.384)Cg
2T
4π
, where C = N for SU(N)
gauge theory. There is, however, other models that yield different values of the magnetic
mass[11, 12], and the situation is worrisome. The best that one could do perturbatively to
get the Debye mass is[13]
mD = (
Nc
3
+
Nf
6
)1/2gT +
1
4π
Ncg
2T log(
Nc
3g2
+
Nf
6g2
)1/2) + cfg
2T +O(g3T )
where Nc is the number of colors and Nf is the number of fermion flavors, but the value of
cf is left open.
There is a systematic investigation of vacuum polarization tensor Πµν(k0, k) of rela-
tivistic plasma[14]. The collective plasma effects are characterized by the frequency ωk =
2
√
Nf
6
+
Nc
3
gT . The self-energy depend on four vector uα of the fluid and the momentum Kα
of the virtual particle via two invariants ω = Kαuα and k such that K
αKα = ω
2 − k2. The
transverse self-energy function ΠT (k, ω) and the longitudinal self-energy function ΠL(ω, k)
are calculated by a pair of four vector E˜α and B˜α, each orthogonal to uα, defined by
F αβ = uαE˜β − uβE˜α + ǫαβγδB˜γuδ
When ω > ωp, plane wave solution of E˜
α and B˜α exist, but when ω < ωp they are screened.
It was shown that the screening length for the magnetic fields diverges at ω → 0, thus B˜α is
screened except at ω = 0.
In [15, 16, 17], I proposed a calculation of the Domain Wall Fermion(DWF) propagator
in quaternion basis and expressed vector fields in terms of the Plu¨cker coordinate, following
E´. Cartan[18]. In this framework, the spin structure of the quark pair in the self-energy
diagram with two self-dual gluon exchange is uniquely defined when the color and spin of
the incoming gluon are fixed. The process is similar to the one investigated in the technicolor
theory[20].
In order to calculate B˜α at ω = 0, I adopt a model, in which a quark pair is created, and
two self-dual gluons are exchanged and the pair is annihilated[16, 17]. From a left-handed
quark described by a quaternion and a right-handed quark described by another quaternion,
one can construct an octonion. An octonion posesses the triality symmetry[18, 19] and the
spin structure of the magnetic coupling of a self-dual gluon to the quark loops can be fixed
when the exchanged internal gluons are restricted to be self-dual. There is no direct evidence
that the triality symmetry plays a role in the nature, but the difference of about a factor of 3
in the effective flavor number for opening the conformal window in the Schro¨dinger functional
scheme[21] v.s. in the momentum subtraction (MOM) scheme [22] could be understood, if the
Schro¨dinger functional does not select a triality sector but MOM scheme selects one triality
sector. Using the Banks-Zaks expansion[23], Grunberg[25] showed that the non-perturbative
effect modifies the critical flavor number of the perturbative QCD which was around 8[21]
3
to 4. Infrared stable QCD running coupling was observed also in holographic QCD[27], and
in the polarized electron nucleon scattering[26].
In order to check the relevance of self-dual two gluon exchange in the coupling ver-
tex, I calculate the vertex of a B meson weak decay vertex into lepton and anti-neutrino.
The decay propability of a B meson into a lepton and neutrino is measured by the Babar
collaboration[31] and by the Belle collaboration[32]. Possible deviation from the standard
model via Penguin diagram is discussed in [33] and I compare with the possible correction
from two self-dual gluon exchange diagrams.
The structure of this paper is as follows. In the sect.2, I summarize the magentic mass
problem and present the calculation of the self-energy using the quaternion bases. In sect.3,
the B-meson weak decay vertex including the two self-dual magnetic gluon exchange is
investigated. Conclusion and discussion are given in the sect.4.
2 The self-energy of a gluon via exchange of self-dual
gluons between heavy quark and heavy anti quark
In 1993 the non abelian Debye screening mass was found to be sensitive to the non per-
turbative magnetic mass of of the gluon[9]. The importance of the magnetic mass was
recognized in [3], as he calculated the pressure of finite temperature plasma, which is de-
fined as p = −T logZ/V where Z is the partition function. The pressure derived at a
high-temperature region
p =
8
45
π2T 4 +Nf(
1
2
T 2µ2 +
7
60
π2T 4)
− 16π
2
(22− 4
3
Nf) log(T/ΛQCD)
[
1
6
T 4 +Nf(
5
72
T 4 + T 2µ2/4π2)] (1)
becomes negative when extrapolated to low temperature T or to high chemical potential µ.
The negative pressure implies that the convergence of the perturbation series breaks down,
and a QCD phase transition at this point was discussed.
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Figure 1: The self-energy diagram of trans-
verse polarized gluon through exchange of
self-dual gauge fields. Π11
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Figure 2: The self-energy diagram of trans-
verse polarized gluon through exchange of
self-dual gauge fields. Π22
In the infrared, however, the ring sum term log(1 + ΠT (K)/K
2) was found to contain
infrared singular term, indepent of the choice of the gauge. In order to evade the equation
of the one loop transverse gluon propagator near T = 0
k2 +ΠT (k0 = 0, k) = k
2 − g2NcT 8 + (ξ + 1)
2
64
k = 0
be satisfied for positive k, a modification ΠT (K) → ΠT (K) +m2mag was proposed[6]. With
an arbitrary parameter cf ≥ 1, mmag = cf 332g2NcT ∼ cf Nc3 T was expected for αs(k) = 0.3
at k ∼ 1GeV. The magnetic mass contributes to the pressure of the quark-gluon plasma in
the order of g6T 4. In lattice simulations, the magnetic gluon propagator does not show a
peak at the zero momentum and the pole structure of the magnetic mass was, excluded[35],
although how to detect the timelike pole on the lattice remains an open question[34].
I do not assume a magnetic mass of g2T for a producion of a g6 term in the pressure,
but I consider a three loop diagram of order g6 including two self-dual gluon exchange, as a
building block of the stabilized quark-gluon plasma system. The model does not contradict
with the lattice simulation.
In [15, 16], I discussed the quark propagator using quaternion[19] basis. In this flamework,
I consider tensor coupling of the external gluon field to a heavy quark internal self-dual vector
field x1, x2, x3 couple to the fermion spinors.
I consider the self-energy or the magnetic mass of a gluon, which is polarized in the
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transverse direction. The transverse gluon field is
Fµν = −ig(∂µAaν − ∂νAaµ + gfabcAbµAcν)λa,
where λa is the SU(3) color basis. The tensor coupling in the case of ΠT11 are, γ4(γ2γ3 −
γ3γ2)/2 = γ1γ5 in the vertex and in the case of ΠT22 is γ4(γ3γ1 − γ1γ3)/2 = γ2γ5
The coupling of Fij(q) to the quark is
iψ¯(k)
γiγj − γjγi
2
ψ(p)Fij(q)
= ψ∗(k)γ5ǫijn
kj
m
σiψ(p)(ǫijnp
iAj(q) + · · · )
= ψ∗(k)γ5ǫijn
pikj
m
ǫijnσ
iψ(p)Aj(q)
= ψ∗(k)γ5
(p× k)n
m
ψ(p)(σ ×A(q))n (2)
Internal self-dual gluon and the heavy quark couplings in Π11a and Π22a are
γ4(γ3γ4 − γ4γ3)/2 = −γ3, γ4(γ2γ4 − γ4γ2)/2 = −γ2, and γ4(γ1γ4 − γ1γ3)/2 = −γ1.
In Π11, I choose the quark represented by ξ4 to be at rest and the self-dual gluon x3 and
x2 have momenta ky and pz, respectively. The quark ξ12 and ξ31 have momenta −k and
−p, respectively, and ξ314 and ξ124 have momenta pz and ky, respectively. The propagator of
quark ξ23 have the numerator γ3pz + γ2ky, but γ3 is multiplied by γ2 at the junction to the
quark ξ314, and γ2 is multiplied by γ3 at the junction to the quark ξ124 and effectively the
numerator is proportional to σx, as required by the assignment of ξ23.
I use the Clifford products rule (a0 + a)(b0 + b) = a0b0 + a0b + b0a − a · b + a × b to
evaluate Clifford products of the following bases.
Cφ = ξ1234 − ξ23i− ξ31j − ξ12k
Cψ = ξ123 − ξ234i− ξ314j − ξ124k
φ = ξ0 + ξ14i+ ξ24j + ξ34k
ψ = ξ4 + ξ1i+ ξ2j + ξ3k (3)
The x1 gluon coupling to quark pair with 2 self-dual gluon exchange Π
a
11 in Coulomb
gauge consists of two types i.e (−ξ12ξ314+ξ31ξ124), or (ξ24ξ3−ξ34ξ2). The possible quark-anti
6
quark state between the self-dual gluon exchange of the former is ξ4ξ23 and the latter is
ξ1234ξ1.
Since the trace of the two types are the same, I consider the amplitude Πa11 of the x1
gluon
Ja(k, p) = m
4g6
kz × py
m
Trγ1γ5
−γ3kz +m
k2z +m
2
γ3
1
k2z
1
m
1
p2y
γ2
−γ2py +m
p2y +m
2
×γ1γ5kz × py
m
γ3kz +m
k2z +m
2
γ2γ5
γ2py + γ3kz +m
p2y + k
2
z +m
2
γ3γ5
γ2py +m
p2y +m
2
(4)
Similarly, the self-energy from Πb22 becomes, by choosing the intermediate quark-anti
quark state (−ξ23ξ124 + ξ12ξ234), or (−ξ14ξ3 + ξ34ξ1),
Jb(k, p) = m
4g6
kx × pz
m
Trγ2γ5
−γ1kx +m
k2x +m
2
γ1
1
k2x
1
m
1
p2z
γ3
−γ3pz +m
p2z +m
2
×γ2γ5kx × pz
m
γ1kx +m
k2x +m
2
γ3γ5
γ3pz + γ1kx +m
p2z + k
2
x +m
2
γ1γ5
γ3pz +m
p2z +m
2
(5)
The trace in the numerator of the Π11
4(m6 + 3m4(p2y + k
2
z)−m2p2yk2z) (6)
The numerator of the Π22 is
4(m6 + 3m4(p2z + k
2
x)−m2p2zk2x) (7)
I integrate numerically
4m4
∫ ∞
0
∫ ∞
0
m6 + 3m4(k2 + p2)−m2k2p2
(k2 +m2)2(p2 +m2)2(k2 + p2 +m2)
dkdp
(2π)2
(8)
where the factor 4 comes from integral on k and p from −∞ to +∞.
I chosse the scale m = 1 and evaluate
4
∫ Λ
0
∫ Λ
0
1 + 3(x+ y)− xy
(x+ 1)2(y + 1)2(x+ y + 1)
dxdy
(2π)2
(9)
by varying Λ. Numerically, the integral (9) is approximately 7 1
(2pi)2
At T = 0, when the wave function of the quark pair is available from lattice simulation,
one can perform the integration over q numerically and obtain a non-screened magnetic mass.
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At T 6= 0, it is necessary to replace the self-dual gluon exchange propagator 1
k2
1
p2
in
J(k, p) by
1
k2 +m2mag(T )
1
p2 +m2mag(T )
and check the self-consistency.
In a quenched SU(2) lattice Landau gauge simulation, the temperature dependence of the
transverse gluon and longitudinal gluon from 0 temperature to twice the critical temperature
Tc were recently measured[28, 29]. Near the T = Tc, the transverse gluon propagator showed
a peak near q = 0.4GeV, but the longitudinal gluon propagator did not show this behavior.
In a quenched SU(3) lattice Landau gauge simulation[30], the transverse gluon propagator,
or the magnetic gluon propagator showed smooth momentum dependence in the range from
T = 0.867Tc to T = 4.97Tc.
In the present work, I ignore these temperatures and the number of color dependence,
and evaluate, using the bose Bose-Einstein distribution for the gluon, the magnetic mass at
finite temperature T as
mmag(T ) = T
∫ ∞
0
4πq2
f(q)
eq/T − 1
dq
(2π)3
(10)
Since q is in GeV, I use kB = 8.6× 10−5eV/K= 8.6× 10−14GeV/K as the unit, and express
the temperature in the unit of Tc = 1.14ΛMS [8] and ΛMS ∼ 230MeV.
There are two polarization directions and two different time orders, and assuming that
the coupling of self-dual gluon and the external gluons to quarks are the same, I estimate the
f(q) using the numerical results of T = 0 as f(q) = g(q)6
7
m3
4
(2π)2
= αs(q)
328× 16π
m3
. Here,
I adopt αs(q) obtained from Lattice simulation[22] which is consistent with the prediction
of the holographic theory[27]. The parametrization of α(s) is[26]
αs(q) =
γn(q)
log
(
q2+mg(q)2
Λ2
) . (11)
where
n(q) = π(1 + [
γ
log(m2/Λ2)(1 + q/Λ)− γ + (bq)
c]−1) (12)
and γ = 4
β0
= 12
33−8
, mg(q) =
m
1+(aq)d
, m = 1.024GeV, a = 3.008GeV−1, d = 0.840, b =
1.425GeV−1, c = 0.908 and Λ = 0.349GeV.
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Figure 3: The magnetic mass of the gluon through charm quark loops, as a function of T/Tc
and a fit.
The charmed quark-anti quark pair creating 3 loop diagram gives the magnetic mass of
the order of Tc near T = Tc. The magnetic mass mmag(T )in this case can be parameterized
as
mmag(T )/T = 0.711(T/Tc)
2 + 0.563(T/Tc)
4 − 0.0628(T/Tc)6
The self-energy decreases as the quark mass of the loop increases. The magnetic mass
of a gluon through bottom quark loops is less than kBTc and the thermal response of the
bottom quark and the charmed quark differ qualitatively.
When T = 0, I evaluate the self-energy as the 0 component of the Clifford product. In the
Coulomb gauge, the exchanged self-dual gluons are assumed to be x1, x2 and the quark-anti
quark state that couple to x4 can be ψCφ → (ξ1ξ23 + ξ2ξ31), or φCψ → (ξ14ξ234 + ξ24ξ314).
The intermediate quark-anti quark state independent of the momentum could be ξ1234ξ4 in
the former case and ξ123ξ0 in the latter case. However, since these states don’t have virtual
momentum excitations, I consider, instead transition of ψCφ to φCψ and vice versa in the
intermediate state.
I define self-energy Πc44 for exchange of self-dual gluons x1, x2 is obtained by using eigen
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states (ξ14ξ234 + ξ24ξ134) or (ξ23ξ1 + ξ13ξ2).
Jc(k, p) = m
4g6
kx
m
Trγ1
−γ1kx +m
k2x +m
2
γ2γ5
1
q2y
−γ3(kx × qy) +m
(kx × qy)2 +m2 γ1γ5
1
r2x
−γ2(rxkx)qy +m
(rxkx)2q2y +m
2
×py
m
γ2
γ2py +m
p2y +m
2
γ1γ5
γ3(py × rx) +m
(py × rx)2 +m2 γ2γ5
γ1(qypy)rx +m
(qypy)2r2x +m
2
(13)
x4 x4x2 x1
Ξ14
Ξ234
Ξ3
Ξ12
Ξ24
Ξ314
Figure 4: The self-energy diagram of time-like gluon through exchange of self-dual gauge
fields. Πc44
When the exchanged self-dual gluons are x1x2, the trace in the numerator of Jc(k, p)
becomes
4m6[(py
2 + kx
2)qyrx − (1 + (qyrx)2)kxpy][m2 − (kx × qy)(py × rx)] (14)
Numerically one could fix the momentum transfer (kxrx)qy−py and integrate over rx, kx and
py, or the momentum transfer (qypy)rx − kx and integrate over qy, py and kx.
When the external gluon is a spacelike photon, the infrared divergence can be regularized
and yields anomalous magnetic moment g
2
= 1+ α
2pi
. Since regularization of qy, rx is necessary,
the numerical calculation of the self-energy of the timelike gluons and photons remain as a
future problem.
3 The B-meson weak decay vertex
When the two self-dual gluon exchange is important in the heavy quark heavy anti quark
pair to a gluon coupling, similar two gluon exchange in B meson weak decay is expected to
be important. I consider B− → τ−ν¯ decay, in which b quark u¯ quark couple to W boson
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through Cabibbo-Kobayashi-Maskawa matrix as,
(u¯(q + p), c¯(q + p), t¯(q + p))γµ(1− γ5)


Uud Uus Uub
Ucd Ucs Ucb
Utd Uts Utb




d(q)
s(q)
b(q)

Wµ(p)
† + hc
= u(q + p)∗γ4γµ(1− γ5)Uub b(q)Wµ(p)† + · · · (15)
and its hermitian conjugates.
b
u
Τ-
Ν
Ξ31
Ξ124
x1
Figure 5: The B − τ ν¯ vertex. The direct
term. x1 is the transverse W boson.
x1x3 x2
Ξ12
Ξ314
Ξ4
Ξ23
Ξ31
Ξ124
b
u
Τ-
Ν
Figure 6: The B − τ ν¯ vertex. The three
loop term. x1 is the transverse W boson,
x2 and x3 are self-dual gluons.
The direct coupling of W boson to the quark current has two types:
Da(qy) = TgW
∫∫
Tr
−γ3kz +mb
k2z +m
2
b
γ4γi(1− γ5)γ2(qy + py) +mu
(qy + py)2 +m2u
φ(qy + py, kz)
dkzdpy
(2π)2
= TgW
∫∫ −4kz(qy + py)
(k2z +m
2
b)((qy + py)
2 +m2u)
φ(qy + py, kz)
dpydkz
(2π)2
, (16)
and
Db(qz) = TgW
∫∫
Tr
−γ3ky +mb
k2y +m
2
b
γ4γi(1− γ5)γ2(qz + pz) +mu
(qz + pz)2 +m2u
φ(qz + pz, ky)
dkydpz
(2π)2
= TgW
∫∫ −4ky(qz + pz)
(k2y +m
2
b)((qz + pz)
2 +m2u)
φ(qz + pz, ky)
dpzdky
(2π)2
(17)
where φ(p, k) is the B meson wave function in momentum space normalized as
∫∫
|φ(p, k)|2dpdk = 1.
At large q, the Fourier transform of Gaussian wave function D(q) decreases too fast.
Thus, I adopt the discrete cosine transform of the Bethe Salpeter equation evaluated by a
lattice simulation[42]. Details of the choice of φ(p, k) is given in the Appendix.
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The numerical value of Da(qy) at qy = −M
2
B−m
2
τ
2MB
= −2.34 GeV is 0.6NTgW , where
N = 0.025 is the wave function normalization. At qy = 2.34GeV, the magnitude is about
10−4 times smaller.
In the 3 loop diagram, I choose the quark momentum is 0 as the b−quark. We are
interested in the momentum region small compared to the temperature T , where the thermal
part of the gluon propagator is simplified as[10]
δ(k2 −M2)
eωk/T − 1 ∼
T
2ω2k
[δ(k0 − ωk) + δ(k0 + ωk)] (18)
where ωk =
√
k2 +M2.
The transition amplitude is obtained by calculating the trace,
Ca(T, qz) = Tm
4
ugWg
4
∫∫
Tr
−γ3kz +mb
k2z +m
2
b
γ3
T
k2z +m
2
mag(T )
1
mb
T
p2y +m
2
mag(T )
γ2
−γ2py +mb
p2y +m
2
b
×(1− γ5)γ1γ4γ3(qz + kz) +mu
(qz + kz)2 +m2u
py × kz
mu
γ2γ5
γ2py + γ3(kz + qz) +mu
(kz + qz)2 + p2y +m
2
u
py × kz
mu
γ3γ5
×γ2py +mu
p2y +m
2
u
φ(py, kz)
dpydkz
(2π)2
= T 3gWg
4mu
∫∫
4k2zp
2
y(3m
2
bmu +m
3
u + kz(qz + kz)(−mb +mu) + (mb +mu)p2y)
(k2z +m
2
b)((qz + kz)
2 +m2u)(p
2
y +m
2
b)(p
2
y +m
2
u)((qz + kz)
2 + p2y +m
2
u)
× py(qz + kz)
(k2z +m
2
mag(T ))(p
2
y +m
2
mag(T ))
φ(py, kz)
dpydkz
(2π)2
(19)
Cb(T, qx) = Tm
4
ugWg
4
∫∫
Tr
−γ1kx +mb
k2x +m
2
b
T
k2x +m
2
mag(T )
1
mb
T
p2z +m
2
mag(T )
γ3
−γ3pz +mb
p2z +m
2
b
×(1− γ5)γ2γ4γ1(qx + kx) +mu
(qx + kx)2 +m2u
pz × kx
mu
γ3γ5
γ3pz + γ1(qx + kx) +mu
p2z + (qx + kx)
2 +m2u
pz × kx
mu
γ1γ5
×γ3pz +mu
p2z +m
2
u
φ(pz, kx)
dpzdkx
(2π)2
= T 3gW g
4mu
∫∫
4k2xp
2
z(3m
2
bmu +m
3
u + kx(qx + kx)(−mb +mu) + (mb +mu)p2z)
(k2x +m
2
b)((qx + kx)
2 +m2u)(p
2
z +m
2
b)(p
2
z +m
2
u)(p
2
z + (qx + kx)
2 +m2u)
× pz(qx + kx)
(k2x +m
2
mag(T ))(p
2
z +m
2
mag(T ))
φ(pz, kx)
dpzdkx
(2π)2
(20)
When T = Tc, qz = −2.34 GeV, and the numerical value of the integral Ca(T, qz) is
2.75NT 3mugW (2α(qeff))2 < NT 3gW . Here, g2 is evaluated from phenomenological 2π(2α(qeff)),
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which depends on the effective momentum transfer of self-dual gluons x2 and x3. I assumed
α(qeff) ≤ π.
In the case of B meson decay, the momentum transfer q is of the order of MB/2, and the
damping of φ(p+ q, k) etc are important, and for an exact evaluation, lattice simulations are
necessary.
There is no infrared divergence even when mmag(T ) = 0, and the finite mmag(T ) makes
the vertex suppression at high T .
The decay rate Γ =
1
τ
of B → lν¯ in PQCD is[36, 37]
Γ(B → lν¯) = 1
8π
|Uub|2G2Ff 2BM3B|M|2(1−
m2l
M2B
)2 (21)
where 〈0|u¯γµγ5b|B−〉 = ifBpµB and M = mlMB l¯(1 − γ5)ν¯. Including charged Higgs effect,
fB|Uub| ∼ 0.85 is reported[36].
Γ(B → lν¯) = 1
8π
|Uub|2MB|D(T ) + C(T )|2(1− m
2
l
M2B
)2 (22)
The correction C(T ) to D(T ) is not too large in the case of Bu = b¯u meson. Experi-
mentally, τ(B+) ≥ τ(B0) >> τ(Bc+). A Higgs enhancement effect in b → τ ν¯ +X [36] and
R-parity violation in B → lν¯ [37] are discussed with an estimation fBc = 450MeV[37].
4 Discussion and Conclusion
In this paper, an ω independent, temperature dependent magnetic mass of a gluon is calcu-
lated in a model with triality symmetry. I checked the consistency of the model by estimating
a correction to the width of a B meson decay into a lepton and an anti-neutrino. The idea
of triality symmetry comes from the difference of the critical flavor number for opening
the conformal window in the Schro¨dinger functional method[21] and in the Domain Wall
Fermion method[15]. The polarized electron experiment at JLab[26] and the QCD running
coupling constant in holographic QCD[27] and in the Coulomb gauge lattice simulation in
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MOM scheme[22] suggest that the flavor number 2+1 system is not far from the conformal
window, but the Schro¨dinger functional method suggests that the flavor number should be
more than 8 for the conformal window opens. If DWF or MOM scheme selects one triality
sector, while the Schro¨dinger functional does not due to the difference of the boundary con-
dition of the wave function, the difference of about a factor of three in the critical number
of flavors could be understood.
The non-perturbative effects in finite temperature QCD is difficult. In [38], problems in
renormalization of the three loop diagram as J(p, k) or C(p, k) are discussed. If I replace
the propagator denoted by ξ4 is replaced by a point, an integral like
J =
∫∫∫
dp dq dt(qt)2
p2q2t2(p− q)2(k − q)2(k − t)2
appears. The momenta of internally exchanged gluons p and k in my model correspond to
their t and q. The momenta corresponding to ξ23 or ξ31 in Fig.2 or Fig.1 in [38] are not fixed,
since a coupling of the external gluon to the quark ξ4 is considered in their model. Their p
is taken as an integration variable, but this complication is absent in our model.
I approximated the quark wave function by the Bethe Salpeter wave function derived
in a lattice simulation[42]. It would be possible to refine the wave function and extend to
the weak decay of Bc, which is discussed in [37] as a check of the R-parity violation in the
Minimal Supersymmetric Standard Model(MSSM). How the vertex correction of the present
model affects the charged Higgs Boson effects in the weak decay of B meson[36] is left to the
future.
In the model of domain wall fermion, the quark spinor possesses an arbitrary U(1) phase
that one can adjust to one triality sector of the lepton in the detector. I expect that there
is three fold U(1) symmetry in the quark sector, but the symmetry is broken in the lepton
sector and one triality is selected. The situation seen from the side of a quark is similar to
the color-flavor locking[39]. In color-flavor locked states, the photon coupling to quark flavor
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γ and gluon coupling to quark color Γ have the same structure
γ/Γ =


2/3 0 0
0 −1/3 0
0 0 −1/3


and the combination γ˜ = gγ+eΓ√
g2+e2
defines a massless gauge boson.
This hypothesis might explain the origin of dark matter or the weakly interacting massive
particles (WIMPs), which are not detected by electro-magnetic detectors on the earth. If
the vector field of a photon can also be expressed by using Plu¨cker coordinates, it could also
acquire a magnetic mass.
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Appendix: Quark wave function φ(p, k)
The discrete cosine transform(DCT) is used in image compressions etc. For a given data
s(x) (x = 0, 1, · · ·N − 1) one multiplies cos πk(2x+ 1)
2N
and make a weighted summation[43,
44]. When the DCT is applied to
√
β
π
e−βx
2/2, an expresion close to its Fourier transform√
1
πβ
e−p
2/2β is obtained.
I consider the case β = 2 and evaluate DCT of 4.9e−x
2
. The factor 4.9 is the normalization
that is used in the Bethe Salpeter wave function of the B meson which will be discussed later.
When the DCT is applied, the scale of ordinate changes by the factor 1/β and that of abscissa
changes by 2π. The DCT scaled by multipying 1/2 is compared with the original in Fig.7.
When the maximum of x = 2 corresponds to 1fm, ∆x = 0.05 and in momentum space
∆p = 2π fm−1=1.18 GeV.
The parameter of the Gaussian wave function is taken from the flux-tube model[40,
41]. The model was applied to low energy meson decays and meson-baryon couplings and
produced reasonable results.
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Figure 7: The discretized gaussian wave
function and its DCT.
0.0 0.5 1.0 1.5 2.0
0
1
2
3
4
5
Rr0
Figure 8: The discretized Bethe Salpeter
wave function.
The Bethe Salpeter wave function of the Q¯q meson state was calculated in [42]. They
adopted the scale r0 = 3a = 2.68GeV
−1=0.529fm, and the s-wave w(R) can be parameterized
as
w
(
R
r0
)
= 4.9e
− log 7 R
r0 = 4.9× 7− Rr0 .
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The wave function is normalized as
∫ ∞
0
w
(
R
r0
)2(
R
r0
)2
dR
r0
∼ 1.
I take 20 points of R
r0
from 0 to 1.9, which corresponds to radial distance between b anti
quark and u quark of about 1fm. I make a discrete cosine transform of this wave function
shown in Fig.8. I multiply the scale of the ordinate 1/2 at a moment. Since ∆P corresponds
to 2π/(2 × 0.5287)fm−1 = 5.94fm−1 = 1.17GeV, I change the scale of abscissa and plot in
Fig.9. The wave function w˜(k) obtained by DCT is normalized as
19∑
j=0
w˜(j)2(
j + 1
10
)2 ∼ 1
When the scale of the ordinate is multiplied by 1
2
as in the case of Gaussian, and abscissa is
transformed to GeV,
19∑
j=0
1
4
w˜(j)24π(1.17(j + 1)GeV)2 ×∆P ∼ 1N 2
Since the Gaussian wave function can be decomposed as e−(p
2+k2)/(2β) = e
−[(p−k√
2
)2−(p+k√
2
)2]/(2β)
and the Bethe Salpeter wave function corresponds to the e
−(p−k√
2
)2/(2β)
part, I identify
N
2
w˜(j)
as φ(
p− k√
2
) and the wave function of the center of mass to be 1, i.e. I regard b quark is
infinitely heavy.
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Figure 9: The DCT of the discretized Bethe Salpeter wave function and the DCT of the
Gaussian wave function.
The wavefunction φ(p, k) is approximated as a function of |p− k|/√2.
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p 0 2π 4π 6π 8π fm−1
φgauss 5.10 3.80 0.44 -0.01 -0.04
p 0 5.94 11.9 17.8 23.8 fm−1
φMP 3.03 2.70 1.19 0.65 0.37
Table 1: The momentum dependence of the relative wavefunction of quarks.
References
[1] Linde,A.D. : Infrared problem in the thermodynamics of the Yang-Mills gas, Phys. Lett.
B96,289 (1980).
[2] Cornwall, J.M.: Dynamical Mass Generation in Continuum QCD, Phys. Rev. D26, 1453
(1982).
[3] Kalashnikov, O.K.: QCD at finite temperature , Fortsch. Phys. 32, 525(1984).
[4] Braaten,E. and Nieto,A.: Asymptotic Behavior of the Correlator forPolyakov loops,
Phys. Rev. Lett.74 3530 (1995).
[5] Braaten,E. and Nieto,A.: Free energy of QCD at high temperature, Phys. Rev. D53
3421 (1996).
[6] Ipp,A., Kajantie,K., Rebhan,A., Vuorinen,A.: The pressure of deconfined QCD for all
temperatures and quark chemical potentials, Phys. Rev. D74 045016 (2006).
[7] Freedman,B.A. and McLerran,L.D.: Fermions and gauge vector mesons at finite tem-
perature and density, I. Formal techniques, Phys. Rev. D161130(1977), II. The ground-
state energy of a relativistic electron gas, 1147(1977), III. The ground state energy of a
relativistic quark gas, 1169(1977).
[8] Kraemmer,U. and Rebhan,A: Advances in perturbative thermal field theory , Reports
on Progress in Physics(2004), hep-ph/0310337v3.
18
[9] Rebhan,A.K.: Non-Abelian Debye mass at next-to-leading order, Phys. Rev. D48
R3967(1993).
[10] Alexanian,G. and Nair, V.P.: A Self-consistent Inclusion of Magnetic Screening for the
Quark-Gluon Plasma, Phys. Lett. B352 435(1995).
[11] Jackiw,R. and Pi, S-Y.: Threshold Singularities and the Magnetic Mass in Hot QCD,
Phys. Lett. B368,131(1996).
[12] Nair,V.P.: Three ideas on magnetic mass, arXiv:hep-th/9809086 v3.
[13] Arnold,P. and Yaffe,L.G.: Non-Abelian Debye screening length beyond leading or-
der,Phys. Rev. D52 7208 (1995).
[14] Weldon, H.A.: Covariant calculation at finite temperature: The relativistic plasma,
Phys. Rev. D26 1394(1982).
[15] Furui, S.: Chiral Symmetry and BRST Symmetry Breaking, Quaternion Reality and
Lattice Simulation, Strong Coupling Gauge Theory in LHC Era,World Scientific, p.398-
400(2011).
[16] Furui, S.: Domain Wall Fermion Lattice Simulation in Quaternion Basis, The IX
international Conference on Quark Confinement and the Hadron Spectrum-QCHS
IX, ed by Llanes-Estrada and Pelae´z, AIP Conference Proceedigs 1343, p.533(2011),
arXiv:0912.5397[hep-lat]
[17] Furui,S.: Fermion flavors in quaternion basis and infrared QCD, to be published in Few
Body Syst. (2011), arXiv:1104.1225 [hep-ph].
[18] Cartan,E´. The theory of Spinors, Dover Pub. (1966) p.118.
[19] Lounesto,P., Clifford Algebras and Spinors 2nd ed. Cambridge Univ. Press, (2000).
19
[20] Cheng,T-P. and Li, L-F. Gauge theory of elementary particle physics, Oxford Science
Pub. (1984) p.402.
[21] Appelquist,T., Fleming, G.T., Neil,E.T.::Lattice Study of the Conformal Win-
dow in QCD-like Theories, Phys. Rev. Lett.100,171607(2008), Errata Phys. Rev.
Lett.102,149902(2009).
[22] Furui, S. and Nakajima, H.: Roles ofthe quark field in the infrared lattice Coulomb
gauge and Landau gauge QCD, PoS(Lattice 2007),301(2007), arXiv:0708.1421[hep-lat].
[23] Banks,T. and Zaks,A.: On the Phase Structure of Vector-like Gauge Theory with Mass-
less Fermions, Nucl. Phys. B196 189 (1982).
[24] Grunberg, G.: A Proposal to solve the Landau ghost and the renormalon problems,
Phys. Lett. B349 469 (1995).
[25] Grunberg,G.: Conformal window and Landau singularities, JHEP 0108, 019 (2001).
hep-ph/0104098 v2.
[26] Deur,A. et al. (JLab Collab), Phys. Lett. B650, 244 (2006), Phys. Lett. B665,349(2008).
[27] Brodsky,S.J. , de Te´ramond,G. and Deur,A.: Nonperturbative QCD Coupling
and its β function from Light-Front Holography, Phys. Rev. D81, 096010 (2010),
arXiv:1002.3948[hep-ph].
[28] Cucchieri,A and Mendes,T. :Electric and magnetic Landau-gauge gluon propaga-
tors in finite-temperature SU(2) gauge theory, PoS(The many faces of QCD),(2011):
arXiv:1105.0176[ hep-lat].
[29] Cucchieri,A, Dudal,D., Mendes,T. and Vandersickel,N. : Modeling the Gluon Propaga-
tor in Landau Gauge: Lattice Estimates of Pole Masses and Dimension-Two Conden-
sates, arXiv:1111.2327[hep-lat].
20
[30] Nakamura,A., Saito,T. and Sakai,S. :Lattice calculation of gluon screening masses, Phys.
Rev. D69,014506 (2004).
[31] Aubert,B. et al, Phys. Rev. D76,052002(2007).
[32] Hara,K. et al.(Belle Collaboration ), Phys. Rev. D82,071101(R) (2010) :arXiv:
1006.4201v3[hep-ex].
[33] Lunghi,E. and Soni,A.: Possible evidence for the breakdown of the CKM-paradigm of
CP-violation, Phys. Lett. B697 ,323(2011), arXiv:1010.6092v2[hep-ph].
[34] Cornwall,J.M.: Positivity issues for the pinch-technique gluon propagator and their
resolution, Phys. Rev. D80, 096001 (2009).
[35] Cucchieri, A. , Karsch,F. and Petrezky, P.: Propagators and dimensional reduction of
hot SU(2) gauge theory, Phys. Rev. D64,036001 (2001).
[36] Hou, W-S.: Enhanced Charged Higgs Boson Effects in B− → τ ν¯, µν¯ and b → τ ν¯ +X ,
Phys. Rev. D48 2342(1993).
[37] Back,S. and Kim, Y.G. : Constraints on the R-parity Violating Couplings from B± →
l±ν Decays, Phys. Rev. D60, 077701 (1999).
[38] Tarasov,O.V. and Vladimirov, A.A.: Three Loop Calculations in Nonabelian Gauge
Theories, JINR-E2-80-483 (1980).
[39] Wilczek, F. :BCS as foundation and inspiration: The transmutation of symmetry, in
BCS: 50 Years, Ed. by Cooper,L.N. and Feldman,D., World Scientific (2011).
[40] Isgur, N. and Paton,J..E. : A Flux Tube Model for Hadrons in QCD, Phys. Rev. D31
2910(1985).
[41] Kokoski,R. and Isgur,N.: Meson decays by flux-tube breaking, Phys. Rev. D35 907
(1987).
21
[42] Michael,C. and Peisa,J. : Maximal variance reduction for stochastic propagators with
applications to the static quark spectrum, Phys. Rev. D58 034506(1998).
[43] Watson, A.B., Image Compression Using the Discrete Cosine Transform, Mathematica
Journal 4 81 (1994).
[44] Furui,S., Applied Mathematics for Science and Technology Chapt.8.4, Baihukan Pub.
(in Japanese) (2007)
22
